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1 Introduction

We recall that Rmax,min := R ∪ {+∞,−∞}, endowed with the operations ⊕ = max, ⊗ = min in, and that
Rn

max,min := Rmax,min × · · · × Rmax,min︸ ︷︷ ︸
n times

.

Addition and scalar multiplication in Rn
max,min are defined component-wise:

x⊕ y = (x1 ⊕ y1, ..., xn ⊕ yn)
(
x = (x1, ..., xn), y = (y1, ..., yn) ∈ Rn

max,min

)
(1.1)

α⊗ x = (α⊗ x1, ..., α⊗ xn)
(
x = (x1, ..., xn) ∈ Rn

max,min, α ∈ Rmax,min

)
(1.2)

Recall the partial ordering on the max-min space. If x = (x1, ..., xn) and y = (y1, ..., yn), then x ≤ y if
and only if xi ≤ yi for all 1 ≤ i ≤ n. In this case, we say that x and y are “commensurable.” If x 6≤ y and
y 6≤ x, we say that x and y are “incommensurable.”

In this paper, we will impose a metric on this space, which will allow us to study its analytic properties.
The metric we will derine is closely related to the structure of max-min line segments, which is outlined

in [1]. In Rn, a line segment is defined by the following equation:

[x, y] = {tx+ sy : 0 ≤ t, s and t+ s = 1} (1.3)

This has been easily adapted to a definition in Rn
max,min. We note that above, 1 is the multiplicative

identity and 0 is the additive identity. In max-min space, “multiplication” is taking the minimum, so the
multiplicative identity is +∞, and “addition” is taking the maximum, so the additive identity is −∞. This
gives us the following definition of a max-min line segment:

Definition. The max-min line segment between x and y in Rn
max,min is defined by the following equation:

[x, y] = {(α⊗ x)⊕ (β ⊗ y) : −∞ ≤ α, β and α⊕ β = +∞} (1.4)

If x = (x1, ..., xn) and y = (y1, ..., yn), this is equivalent to

[x, y] =

{(
max

(
min(α, x1),min(β, y1)

)
, ...,max

(
min(α, xn),min(β, yn)

))
: −∞ ≤ α, β and max(α, β) = +∞

}
(1.5)

It’s worth noting that max(α, β) = +∞ implies that either α = +∞ or β = +∞.
Nitica showed in [1] that max-min line segments are composed of concatenations of what were called

elementary line segments. Elementary line segments are line segments in Rn that keep certain coordinates
fixed, and change the rest from a to b, for some a, b ∈ R. For example, the Euclidean segment between
(0, 0, 0, 1, 2) and (1, 1, 1, 1, 2) is an elementary line segment, but the Euclidean segment between (0, 1, 2, 3, 9)
and (5, 6, 7, 8, 9) is not an elementary line segment, since the values of the coordinates that increase are not
all the same.

Given x, y ∈ Rn
max,min, Nitica also presented a method of constructing the max-min line segment between

them. If x ≤ y, this method proceeds by starting at x, and then increasing the least coordinate of x until
it reaches the value some other coordinate of x or y. If that coordinate is a coordinate of x, we next
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increase both simultaneously; if it is the same coordinate of y, then we stop increasing this x coordinate.
We continue this process: increasing multiple x coordinates until a y coordinate is reached, in which case
we stop increasing this x coordinate and continue increasing the rest. This process stops when y is reached.
If x 6≤ y and y 6≤ x, then the max-min segment from x to y is a concatenation of line segments from x to
max(x, y), and from max(x, y) to y, which reduces to a case of two commensurable segments.

The structure of the paper is as follows:
We will first impose a metric on Rn

max,min by taking the Euclidean length of the max-min line segment
connecting two points. Later, we will show that we can weight elementary segments differently, and still
produce a metric using the weighted length of the whole segment. Next, we will show sufficient and necessary
conditions for these weightings to produce a metric. Finally, we will show that no weighted metrics are
quasiconvex.

2 Euclidean Metric in Rn
max,min

For the remainder of this paper, we will only consider the finite points of Rn
max,min. Our goal is to introduce

a metric on the finite points of this space. Distances between points at infinity will be beyond the scope of
this paper.

First, we’ll develop tools to help prove the triangle inequality.

Definition. Call two elementary line segments [x1, y1] and [x2, y2] adjacent if y1 = x2.

Definition. Given x, y ∈ Rn
max,min, we call a finite sequence of adjacent elementary line segments a path

from x to y if the first segment begins at x and the last segment ends at y.

We impose a direction on an elementary line segment in the context of a path. We say that an elementary
line segment starts at a point where it adjoins the previous elementary line segment, and terminates at the
point where it adjoins the next elementary line segment. We say that an elementary line segment increases
a coordinate if the value of the coordinate at the initial point is less than the value of the coordinate at the
end point.

Intuitively, a path can be viewed as a way to get from x to y in max-min space. To prove the triangle
inequality, we’ll show that the shortest path between any two points is given by the max-min line segment
between them.

First, we’ll show that we can disregard many paths that clearly aren’t the shortest; for example, paths
that retrace their steps. This will limit the number of paths we’ll have to consider, and make them more
well behaved.

Lemma 2.1. Suppose a path from x to y has two elementary line segments in Rn
min,max such that one

increases a coordinate, and the other decreases the same coordinate. Then we can find a shorter path from
x to y.

Proof. Assume a path from x to y has two elementary line segments such that one increases a coordinate, and
the other decreases the same coordinate. Without loss of generality, let this coordinate be the x1 coordinate,
and suppose without loss of generality that the first decreasing segment comes after an increasing segment.

Let c1 be the value of the x1-coordinate when the x1-coordinate stops increasing. Then there’s an
elementary line segment in the path whose x1-coordinate increases, from c1 − ε1 to c1, and there exists
an elementary line segment in the path whose x1-coordinate decreases, from c1 to c1 − ε2, with ε1 and ε2
positive. Take c to be any value between c1 and c1 −min{ε1, ε2}.

Consider the hyperplane defined by x1 = c. We can pick two points in the path on this plane so that the
path between both of these points doesn’t lie entirely on the plane. We’ll project the portion of the path
between these two points onto this hyperplane. First, we’ll show that this projection is still a path, and then
we’ll show that it’s a shorter path.

We’ll prove that the projection of an elementary line segment is an elementary line segment, and that
the projections of two adjacent elementary line segments are adjacent.
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An elementary line segment is fixed in some coordinates, and variable in the rest. For each elementary
segment, the first coordinate will project to c, and the rest of the coordinates will remain as they were before.
This projection is an elementary segment. Now, consider two adjacent elementary line segments. Define
P = (p1, ..., pn) to be the point where the first terminates and the second one begins. When we project the
first elementary line segment, its terminal point will project to (c, p2, ..., pn), and when we project the second
elementary line segment, its initial point will project to (c, p2, ..., pn), thus their projections are adjacent.
Therefore the projection of the path onto this hyperplane is a path.

To show that this projection is shorter, suppose that the elementary line segment has k ≤ n variable
coordinates and n − k fixed coordinates, where the variable coordinates go from some a to some b. Then
the length of the elementary line segment is

√
k(b − a). The length of the projection is either

√
k(b − a)

when the x1-coordinate is fixed, or
√
k − 1(b−a) when the x1-coordinate is variable. Thus, the length of the

projection is less than the length of the elementary line segment, so the length of the projected path must
be less than the length of the path.

Now, consider the original path from x to y, and replace the portion that we projected with its projection.
Then there is a shorter path from x to y.

Intuitively, the next corollary states that if a path from x to y goes outside of the box with x and y at
opposite corners, there is a shorter path.

Corollary 2.2. Let x, y ∈ Rn
min,max. Then for all coordinates i, the shortest path from x to y does not

include points with a value in the ith coordinate either less than min(xi, yi) or greater than max(xi, yi).

Proof. If a path’s ith coordinate exceeds max(xi, yi) for some i, the ith coordinate will have increased to
exceed the maximum coordinate value and will then need to decrease to reach the terminal point. After
applying lemma 2.1, we can find a shorter path. A similar argument holds for decreasing the ith coordinate
to a value less than min(xi, yi).

We’ll now use these results to show that the shortest path between x and y is the one given by the
max-min line segment which connects them. First, we’ll introduce the following definition:

Definition. An elementary line segment that changes p coordinates is called a p-sector.

For example, an elementary line segment that changes the first two coordinates is a 2-sector.

Theorem 2.3. The path with the shortest distance between x and y in Rn
max,min has length equal to the

Euclidean length of the max-min line segment [x, y].

Proof. We start by first assuming that x ≤ y.
Let x = (x1, x2, ..., xn) ∈ Rn

max,min and y = (y1, y2, ..., yn) ∈ Rn
max,min. Take z1 = min(x1, ..., xn, y1, ..., yn),

z2 to be the second least of all the values of all the coordinates, and so on until z2n = max(x1, ...xn, y1, ..., yn).
We’ll break R into 2n + 1 intervals: (−∞, z1], [z1, z2], [z2, z3], and so on until [z2n−1, z2n] and finally

[z2n,+∞) as shown in the left side of figure 2
Now consider an arbitrary path from x to y that doesn’t both increase or decrease any coordinates.

The Euclidean length of the path is equal to the sum of the Euclidean lengths of the elementary segments
comprising it. Without loss of generality, consider an elementary segment from (α, ..., α︸ ︷︷ ︸

k times

, ck+1, ..., cn) to

(β, ..., β︸ ︷︷ ︸
k times

, ck+1, ..., cn). There will be a finite number of zis such α ≤ zi ≤ β. We divide this elementary

segment into smaller elementary segments, for which the values of the variable coordinates are completely
contained in intervals [zi, zi+1], so we can create a new path so that all changes are within intervals. This
path is geometrically the same, but subdivided further.

The length of this path is the sum of the lengths of elementary segments contained in each [zi, zi+1] for all
1 ≤ i ≤ 2n− 1, since each elementary segment is completely contained in one interval. Therefore, any path
must have Euclidean length greater than or equal to the sum of the least possible lengths in each interval.
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Figure 1: On the left is an example of how to view a path between commensurable points in R3. On the
right is an example of how to view a path between incommensurable points in R5. The positive coordinates
are 1, 2, and 4, and the negative coordinates are 3 and 5.

Now, assign lengths to each interval. The length will be determined by how much of each p-sector is used
(for an example of a path using various p-sectors, see figure 2). The assigned length is equal to the sum of
all
√
p(b− a) for all elementary line segments increasing p coordinates from a to b within the interval.

We claim that the shortest length we can assign a given interval [zi, zi+1] is
√
k · (zi+1 − zi), where k is

the total number of coordinates such that xj ≤ zi ≤ zi+1 ≤ yj for some j.
We’ll reduce this to a problem of finding the shortest path between (zi, ..., zi) and (zi+1, ..., zi+1), in Rk.

Consider all k coordinates that change in this interval and order them from 1 to k. Let π(i) be the order
of a coordinate i. Then, map each elementary line segment in Rn

max,min that changes p coordinates i1, ..., ip
to a line segment in Rk that changes coordinates π(i1), ..., π(ip). Because π is a change in variables, the
image of an elementary line segment under π is an elementary line segment, and the images of two adjacent
elementary line segments are adjacent. Then this is a path from (zi, ..., zi) ∈ Rk to (zi+1, ..., zi+1) ∈ Rk.
Also, this path in Rk has the same Euclidean length as the length that we assigned the interval.

Now, because the shortest Euclidean distance from (zi, ..., zi) to (zi+1, ..., zi+1) in Rk is
√
k(zi+1 − zi),

then
√
k(zi+1 − zi) is less than or equal to the shortest possible length that can be assigned to the interval.

This arises when the k-sector is used entirely from (zi, ..., zi) to (zi+1, ..., zi+1).
The shortest path from x to y is greater than or equal to the sum the shortest paths in all intervals.

The sum of the shortest paths in each interval is the length of the max-min segment, because in each
interval [zi, zi+1], the Euclidean length of the max-min line segment is

√
k(zi+1 − zi). Nitica showed in

lemma 4.1 of [1] that a line segment with commensurable endpoints can be parameterized by some variable.
When this variable is in each interval, the coordinates that change are exactly the coordinates j such that
xj ≤ zi ≤ zi+1 ≤ yj . This is what the max-min line segment does. This means that the shortest path is the
max-min line segment.

Now, we move to the incommensurable case; when x 6≤ y and y 6≤ x.
We partition the coordinates into 2 sets: One set contains the coordinates i such that xi ≤ yi, which we

will denote “positive” coordinates, and the other contains the coordinates j such that xj ≥ yj , which we
will denote “negative” coordinates. If a path uses an elementary line segment that affects both positive and
negative coordinates, it will either have to increase both or decrease both. However, because the positive
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coordinates must increase and the negative coordinates must decrease, one coordinate must both increase
and decrease. Then by lemma 2.1 there will be a shorter path. Therefore, the shortest path cannot use any
such segments. We can partition the elementary segments that the shortest path uses into those that affect
only positive coordinates and those that change only negative coordinates.

The length of the path will be the sum of the Euclidean lengths of the path in the positive coordinates and
negative coordinates. Because these two paths are independent, we can change their order without affecting
the length of the total path. Let the path first increase all of the positive coordinates, until it reaches the
point max(x, y). Then, let the path decrease all of the negative coordinates, until it reaches y. The problem
has now been reduced to two commensurable segments, which was proven above.

Figure 2: The left image shows the structure of a max-min line segment for x1 ≤ x2 ≤ x3 ≤ y3 ≤ y1 ≤ y2.
The line segments that have a single dash through them use a single 1-sector, the line segments that have two
dashes through them use a 2-sector, and the line segments that have 3 dashes through them use a 3-sector.
The right image shows the structure of a path which is not a max-min segment. It uses a 2-sector to change
the first two coordinates from 0 to 2, a 3-sector to change the last 3 coordinates from 0 to 3, a 1-sector to
change the first coordinate from 2 to 4, a 1 sector to change the second coordinate from 2 to 3, a 2-sector to
change the second and fourth coordinate from 3 to 4, a 1-sector to change the third coordinate from 3 to 4,
a 1-sector to change the fifth coordinate from 3 to 4, and last, a 5-sector to change all 5 coordinates from 4
to 5.

Now, we’ve essentially proven the triangle inequality. That the length of the max-min line segment
connecting x and y produces a metric is a corollary.

Corollary 2.4. Let x, y ∈ Rn
max,min, and let d(x, y) be the Euclidean length of the max-min segment con-

necting them. Then d is a metric.

Proof. As proved by Nitica in [1], the segment from x to y is the same as the segment from y to x. Then
d(x, y) = d(y, x).

Also, as proved by Nitica in [1], d(x, y) = 0 if and only if x = y, and the Euclidean distance of two
distinct points is always positive and finite.

Finally, let x, y, z ∈ Rn
max,min, and consider a path from x to z that goes through y. By theorem 2.3,

the length of this path is greater than or equal to the lenth of the max-min segment connecting x and z, so
d(x, y) + d(y, z) ≥ d(x, z).
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Thus d satisfies the properties of a metric.

3 Weighted Metric in Rn
max,min

In this section, we generalize the previous theorem by investigating various methods of weighting elementary
line segments that will produce a metric. Previously, the weight of an elementary line segment that changed
k coordinates was

√
k.

Clearly, the weights must be positive and finite. If any weight is 0, then the line segment using only that
elementary line segment would have distance 0, which violates the property of a metric that the distance
between two distinct points is not 0. If any weight is negative, we can produce a negative distance, which
violates the property of a metric that the distance between two points must be nonnegative. If a weight
is infinite, we can produce an infinite distance, which violates the property of a metric that the distance
between two points be finite.

First, we’ll introduce the following definitions.

Definition. An elementary line segment which changes the value of coordinates from some a to a + 1 is
called a unit elementary line segment.

Definition. An elementary line segment which changes the value of coordinates from some a to b is said to
be made up of (b− a) unit elementary line segments which change the same coordinates.

Next, we’ll prove that some simple weights produce a metric.

Theorem 3.1. Let x, y ∈ Rn
max,min. Let wi for 1 ≤ i ≤ n be the weight attached to a unit elementary line

segment in Rn
max,min that changes the value of i coordinates. Define d(x, y) to be the sum of the weighted

lengths of the elementary line segments comprising the max-min segment from x to y. Then d is a metric if
for all 0 ≤ i, j ≤ k, if the following 3 conditions hold:

wi + wj ≥ wk (3.1)

wi ≤ wk (3.2)

wp ≥ 0 (3.3)

with wp = 0 if and only if p = 0.

Proof. This proof will proceed in a manner similar to theorem 2.3 and corollary 2.4. We’ll modify the
preliminary results used in the proof of the theorem so that they can be used with this weighting.

In the proof of lemma 2.1, we used the fact that the length of an elementary line segment changing k
coordinates from a to b was

√
k(b− a). Then, when it was projected, it either kept a distance of

√
k(b− a)

or decreased to
√
k − 1(b− a). Now, the length of an elementary line segment changing k coordinates from

a to b is wk(b− a), and when it is projected, it either keeps the same distance or becomes wk−1(b− a). By
equation 3.2, the projection has less distance. The rest of the lemma follows exactly the same as before.
This also means that corollary 2.2 holds here too.

In the main part of the theorem, we will again consider the case when x ≤ y. We will replace the lengths
assigned to the intervals [zi, zi+1] by the sum of wp(b− a) for all p such that a path uses a p-sector from a
to b. Now, we show that the minimum length that can be assigned to an interval is wk(zi+1 − zi), where k
is the total number of coordinates that change in the interval.

Consider an arbitrary path through this interval. Consider the elementary segments Lm whose variable
coordinates are change from zi to zi + δm, where each δm > 0, and define δ to be the smallest such δm.
The length assigned to the interval [zi, zi + δ] is wp1

δ + · · · + wpr
δ, where p1, ..., pr describe the number of

coordinates that each of the p-sectors that begin at zi change. Also, p1 + · · · + pr = k, and p1, ..., pr ≤ k.
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Now, from equation 3.1, we know that if r ≥ 2, then δwk ≤ δ (wp1 + · · ·+ wpr ). If r = 1, this holds trivially,
because p1 = k. Thus, the shortest assignable length to the interval [zi, zi + δ] is wkδ.

We’ll continue this process by taking the elementary line segments that increased coordinates beyond
zi + δ and considering the portion of them greater than zi + δ. Then, we’ll do use the same process to find
some δ′ such that each coordinate is changed from zi + δ to zi + δ′ with exactly one elementary line segment.
Again, we find that the shortest assignable length is wk(δ′ − δ).

Continue this process to fully partition [zi, zi+1] into subintervals such that within each subinterval, each
coordinate is changed by exactly one elementary line segment. An example of a partition is seen in the right
side of figure 2, as seen by the dotted horizontal lines. In each subinterval, by the above method, we find that
the shortest assignable length is the product of the length of the subinterval and wk. Because the lengths of
the subintervals sum to zi+1− zi, we see that the shortest assignable length of this interval is wk (zi+1 − zi).
This is the length assigned to this interval using the max-min segment between x and y.

Proceeding as in theorem 2.3, the shortest path from x to y is again the max-min segment from x to
y, with a length of the sum of the weighted lengths of each elementary line segment comprising it. As in
theorem 2.3, the case when x 6≤ y and y 6≤ x reduces to a case of two commensurable segments, so the
shortest path between x and y is the max-min segment between them.

That the weighted length produces a metric follows as in corollary 2.4.

Next, we consider a larger class of metrics on Rn
max,min. This time, we can weight different unit elementary

line segments changing the same number of coordinates differently. For example, the weight of the elementary
line segment changing the only first coordinate can be different from the weight of the elementary line segment
changing the only second.

Theorem 3.2. Let x, y ∈ Rn
max,min. Let S ⊆ {1, ..., n}. Call wS the weight of the unit elementary line

segment changing only the coordinates contained in S. Define d(x, y) to be the sum of the weighted lengths
of each elementary line segment comprising the max-min segment from x to y. Then d is a metric if the
following 3 conditions hold:

for all A,B ⊆ {1, ..., n},
wA + wB ≥ wA−(A∩B) + wB−(A∩B) (3.4)

for S1, ..., Sk ⊆ {1, ..., n}, and Si ∩ Sj = ∅ for all i 6= j,

wS1 + wS2 + · · ·+ wSk
≥ wS1∪···∪Sk

(3.5)

and for all S,
wS ≥ 0 (3.6)

with wS = 0 if and only if S = ∅.

Proof. We’ll use the same approach as in theorem 3.1, in which we’ll use a modified version of lemma 2.1
and modify the main body of the proof to take into account the new weights.

Suppose that a path increases a coordinate and then decreases the same coordinate; suppose that this
coordinate is the x1 coordinate. Now, take the maximum of this coordinate before it decreases, and call it
c1. Let L+ be the last elementary segment that increases the x1 coordinate before this point, and let L− be
the first elementary segment that decreases it after this point. There exists some ε > 0 for which (c1 − ε, c1)
is completely transversed by both elementary line segments in the x1 coordinate. Define A to be the set of
coordinates changed by L+, and B to be the set of coordinates changed by L−.

Consider the portion of the path that occurs between L+ and L−. First, assume that there are no
segments between L+ and L− that change any coordinate in both A and B.

As before, we’ll project the portion of the path between L+ and L− (inclusively) onto the hyperplane
defined by xi = c1 − ε for all i ∈ A ∩ B. An elementary segment that does not change any coordinate in
both A and B, is projected to an elementary segment of equal length. The only elementary line segments
which change any coordinate in A ∩ B are L+ and L− by assumption. Then the portions of L+ and L−
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in the interval are both made up of ε unit elementary segments. We can use equation 3.4 to find that
ε · wA + ε · wB ≥ ε · wA−(A∩B) + ε · wB−(A∩B).

Since ε ·wA−(A∩B)+ε ·wB−(A∩B) is the weighted length of the projection of L+ and L−, and ε ·wA+ε ·wB

is the weighted length of L+ and L−, and the length of each intermediate segment remains the same on the
projection, the length of the projection is smaller. If we construct a new path which is the original path, but
uses the projection between L+ and L− inclusively, then this new path is shorter than the original.

Now assume that there are segments between L+ and L− that change coordinates in both A and B.
Choose any such coordinate. Find the value at which it first decreases; call it c2. By a similar process as
before, we can find L+

2 , L−2 , ε2 > 0, A2, and B2, with similar properties as before. If the portion of the path
between L+

2 and L−2 doesn’t contain any segments changing coordinates in A2 ∩B2, then as before, we can
find a shorter path. Otherwise, continue this process until we find some ck, L+

k , L−k , εk > 0, Ak, and Bk

such that no portion of the path between L+
k and L−k change any of the coordinates in Ak∩Bk. This process

will terminate, because there are a finite number of elementary segments between L+ and L−. Once we’ve
reached this step, there is a shorter path. Thus if a path increases and decreases a coordinate, a shorter
path exists.

Next, we proceed as we did in the main body of the previous theorem. First, we assume that x ≤ y.
For any given path, we replace the lengths assigned to the intervals [zi, zi+1] by the sum of all wP (b− a)

for P ⊆ {1, ..., n} such that the path uses an elementary line segment that changes exactly the coordinates in
P from a to b. Now, we show that the minimum distance that can be assigned to an interval is wK(zi+1−zi),
where K = {j : xj ≤ zi ≤ zi+1 ≤ yj}. This will follow from equation 3.5. Any length that can be assigned
to this interval is generated by some path, for which there are some (not necessarily disjoint) P1, ..., Pm ⊂ K
for which P1 ∪ · · · ∪ Pm = K. Of these, consider the one which begins increasing variable coordinates with
value zi and increases them less distance from zi than any other coordinates in any Pj ; call this distance
δ. Consider the subsegments of each Pj on the interval from [zi, zi + δ]; call them Qj . The ones that do
not begin changing the value of their variable coordinates zi will not be here, by the definition of δ. For
each coordinate, there will be exactly one Qj that increases it from zi to zi + δ. Now, Q1, ..., Ql are disjoint
because there is no more than one Qj for each coordinate, and Q1 ∪ · · · ∪ Ql = K because there is no less
than one Qj for each coordinate.

By equation 3.5, δ (wQ1 + · · ·+ wQl
) ≥ δ · wK . Thus the smallest length that can be assigned to this

subinterval from zi to zi+δ is δwK . As in theorem 3.1, we can continue to partition [zi, zi+1] into subintervals,
such that within each subinterval, each coordinate is changed by exactly 1 elementary segment (see dotted
horizontal lines in figure 2 for examples). As before, the smallest possible length that can be assigned to the
entire interval is the sum of the smallest possible weights that can be assigned to each subinterval. Since
the smallest possible length that can be assigned to each subinterval is the product of the width of the
subinterval with wk, the smallest possible length that can be assigned to the entire interval is wK (zi+1 − zi),
which is the assigned length generated from the max-min segment. Because this is true for all intervals, the
shortest path from x to y is the concatenation of elementary line segments, which has length equal to the
sum of the weighted lengths of the elementary segments contained in the max-min segment from x to y.

As in theorem 3.1, the incommensurable case reduces to two pairs of commensurable points. Similarly,
the shortest weighted length between them is the max-min line segment connecting them.

Again as above, d is a metric.

Theorem 3.3. The weights described by theorem 3.2 are the only weights that produce a metric.

Proof. First, if w∅ 6= 0, then d(x, x) = w∅ 6= 0, in which case d is not a metric.
If for some A 6= ∅, wA ≤ 0, then take points x = 0 and y defined by

yi =

{
1 if i ∈ A
0 if i 6∈ A

(3.7)

Then the distance from x to y is wA ≤ 0, which violates the positivity condition of a metric. If we
take wA = ±∞, this same counterexample holds, but it results in an infinite distance, which violates the
requirement of a metric being finite.
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To show the others, we will proceed by showing that whenever a condition is removed, the triangle
inequality doesn’t hold for all points.

First, suppose that equation 3.4 does not hold for all A,B ⊆ {1, ..., n}, and define d(x, y) to be the
weighted length of the max-min line segment from x to y. Then there exists some A and B such that

wA + wB < wA−(A∩B) + wB−(A∩B) (3.8)

Now define x and y and z as follows:

xi =

{
1 if i ∈ B − (A ∩B)

0 otherwise
(3.9)

yi =

{
1 if i ∈ A− (A ∩B)

0 otherwise
(3.10)

zi =

{
1 if i ∈ A ∪B
0 otherwise

(3.11)

Then the following equalities hold:

d(x, y) = wA−(A∩B) + wB−(A∩B) (3.12)

d(x, z) = wA (3.13)

d(y, z) = wB (3.14)

In equation 3.13, notice that x and y are incommensurable, so the distance between them is d(x,max(x, y))+
d(max(x, y), y). We see that

max(x, y)i =

{
1 if i ∈ A ∪B − (A ∩B)

0 otherwise
(3.15)

Then d(x,max(x, y)) = wA−(A∩B) and d(y,max(x, y)) = wB−(A∩B). The later two equations are straight-
forward calculation.

Therefore,
d(x, z) + d(y, z) = wA + wB < wA−(A∩B) + wB−(A∩B) = d(x, y) (3.16)

which violates the triangle inequality, so d cannot be a metric.
Now, suppose that equation 3.5 doesn’t hold, and suppose that the weighting still produces a metric d.

There exists some k ≥ 2 such that for some S1, ..., Sk ⊆ {1, ..., n}, with Si ∩ Sj = ∅ for i 6= j, the following
is true:

wS1
+ · · ·+ wSk

< wS1∪···∪Sk
(3.17)

Now take the points x = 0 and y defined by

yi =

{
1 if i ∈ S1 ∪ · · · ∪ Sk

0 otherwise
(3.18)

Then d(x, y) = wS1∪···∪Sk
.

Now, consider the path from x to y that first uses the elementary line segment that changes exactly the
coordinates in S1 from 0 to 1. Call the point that this terminates at z1. Now, change all coordinates of z1
in S2 from 0 to one, and call the point that this terminates at z2. This elementary segment is well defined,
because all the coordinates in S2 don’t appear in S1 because S1 ∩ S2 = ∅, so they are 0 at z1. Continue this
process until we change all coordinates in zk from 0 to 1. The path then terminates at y. The length of this
path is

9



d(x, z1) + d(z1, z2) + · · ·+ d(zk−1, zk) + d(zk, y) = wS1 + · · ·+ wSk
(3.19)

By our initial assumption, we find that

d(x, z1) + d(z1, z2) + · · ·+ d(zk−1, zk) + d(zk, y) = wS1
+ · · ·wSk

< wS1∪···∪Sk
= d(x, y) (3.20)

However, since we also assumed that d is a metric, we know that

d(x, y) ≤ d(x, z1) + d(z1, y) (3.21)

≤ d(x, z1) + d(z1, z2) + d(z2, y) (3.22)

≤ d(x, z1) + d(z1, z2) + d(z2, z3) + d(z3, y) (3.23)

... (3.24)

≤ d(x, z1) + d(z1, z2) + d(z2, z3) + d(z3, z4) + · · ·+ d(zk−1, zk) + d(zk, y) (3.25)

We arrive at the conclusion that

d(x, y) ≤ d(x, z1) + d(z1, z2) + · · ·+ d(zk−1, zk) + d(zk, y) < d(x, y) (3.26)

which is a contradiction. Thus our assumption that the weighting produces a metric is false, so d is not
a metric.

In conclusion, any relaxing of the conditions in theorem 3.2 will never yield a metric.

We tie the previous two theorems into the following corollary:

Corollary 3.4. A weighting of unit elementary line segments produces a metric if and only if the weighting
satisfies the following three conditions:

for all A,B ⊆ {1, ..., n},
wA + wB ≥ wA−(A∩B) + wB−(A∩B) (3.27)

for S1, ..., Sk ⊆ {1, ..., n}, and Si ∩ Sj = ∅ for all i 6= j,

wS1 + wS2 + · · ·+ wSk
≥ wS1∪···∪Sk

(3.28)

and for all S,
wS ≥ 0 (3.29)

with wS = 0 if and only if S = ∅.

Proof. Both directions were proven in theorems 3.2 and 3.3.

4 Lack of Quasiconvexity

A desired property of a metric is quasiconvexity. The idea of quasiconvexity is that in a triangle given by
points a, b, and c, the distance from a to any point on the line segment bc is at most the maximum of the
following: the distance between a and b and the distance between a and c. Recall the formal definition:

Definition. Let a, b be members of a metric space (X, d) with line segments defined. Then d is said to be
quasi-convex if for all c, for all z ∈ [a, b], then the following holds for all a and b:

d(c, z) ≤ max(d(c, a), d(c, b)) (4.1)
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It is obvious that the Euclidean metric in Rmax,min is quasiconvex. However, for n ≥ 2, it turns out that
none of the weighted metrics described in theorem 3.2 for Rn are quasiconvex.

Theorem 4.1. No weighting of unit max-min elementary line segments will result in a quasiconvex metric
for Rn

max,min for n ≥ 2.

Proof. Let w1 be the weight of the elementary segment that only changes the x1 coordinate, and let w2

be the weight of the elementary segment that only changes the x2 coordinate. Set b = (0, 100, 0, 0, ..., 0),

a =
(
− 1

w1
, 100 + 1

w2
, 0, 0, ..., 0

)
, z =

(
0, 100 + 1

w2
, 0, 0, ..., 0

)
, and c =

(
− 1

w1
, 100, 0, 0, ..., 0

)
. Then we see

that

d(a, c) = d(b, c) = 1 (4.2)

but
d(c, z) = 2 > 1 = max(d(a, c), d(b, c)) (4.3)

Thus for any weighting, we can find points so that the quasiconvexity condition does not hold.

Theorem 4.2. All weightings of unit max-min elementary line segments produce metrics d such that for all
c, for all z ∈ [a, b], then the following holds for all a, b:

d(c, z) ≤ 2 max(d(c, a), d(c, b)) (4.4)

In addition, 2 is the lowest constant for which this holds for all points in a given weighting.

Proof. The proof proceeds by repeated application of the triangle inequality. For any three points a, b, and
c, and point z on [a, b], we have the following:

d(c, z) ≤ d(a, c) + d(a, z) (4.5)

d(c, z) ≤ d(b, c) + d(b, z) (4.6)

(4.7)

Summing those two inequalities yields

2d(c, z) ≤ d(a, c) + d(b, c) + d(a, z) + d(b, z) (4.8)

=≤ d(a, c) + d(b, c) + d(a, b) (4.9)

≤ d(a, c) + d(b, c) + d(a, c) + d(b, c) (4.10)

Equation ?? is true because [a, b] = [a, z] ∪ [z, b], since z ∈ [a, b]. Then d(a, z) + d(z, b) = d(a, b).
After the third line, we now have

d(c, z) ≤ 2 max(d(c, a), d(c, b)) (4.11)

Because we assume nothing about weightings, the equation holds for all possible weightings that produce
a metric.

Now, we prove that 2 is the lowest constant for which this holds for all points. Given an arbitrary
weighting, by what was shown in the proof of theorem 4.1, we can find points a, b, c, z such that d(c, z) = 2,
but max(d(c, a), d(c, b)) = max(1, 1) = 1, so d(c, z) = 2 max(d(c, a), d(c, b).
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